A four-dimension parameter model associated with spring-block system with rate-and state-friction laws was established. Existence, stability and bifurcation of the model system were proved using spectral analysis. Stable solution existed at the origin while bifurcation occurred at any point of the 4-dimension parameter boundary. Across the threshold of instability there existed a range of unstable modes parameterized by the wave-number.
Introduction
It is believed that there exist complex physical properties and behaviors in the earth's crust and along fault surfaces that prevent our understanding and accurately predicting earthquake dynamics [1, 2] . From this viewpoint, the Earth crust consists of tectonic plates which slip along existing faults relative to each other and subjected to friction laws of faults, also known as stickslip process [3] . The underlying physical behaviors and its phenomenology of velocity-weakening friction laws have been extensively studied using the spring-block models [4] [5] [6] [7] . However, a wealth of laboratory-scale experimental friction data exists that could be used with spring-block models to describing fully these stick-slip processes.
The concept of using laboratory determined friction laws (also known as the rate-and state-dependent friction laws) was first introduced by Dieterich and Ruina in the late 70s [8, 9] . Dieterich devised an empirical law that described the behavior of friction coefficient (for both steady and transient states) based on rock friction experiment. Later, the formulation was modified by Ruina by introducing additional variables other than the sliding velocity (called the state variables). Thus, the laboratory measurements suggested that both the velocity dependence of the friction and the time dependent of the static friction were important in understanding and predicting earthquake dynamics.
The basic idea underlying this spring-block models with rate-and statefriction (RSF) laws is that the system considers the effects of inertia and deformations through the introduction of masses and springs. The rate implies the instantaneous rate of deformation is dependent on the friction laws while the state suggests that the system's internal state depends on the friction laws. The aforementioned details of the system include such effects as, e.g., dependence of friction on environmental conditions (temperature, humidity, presence of lubricant), history of friction contact (memory effect), wear of materials and surface roughness. The RSF laws have been applied to fault models to investigate seismic cycles including pre-seismic slip and nucleation, growth of dynamic instabilities, earthquake after slip and after-shocks [10] [11] [12] [13] . RSF laws have also been used in seismological studies to describe variations of seismicity rates and earthquake patterns [14] [15] [16] . Yet, the existence of periodic solutions to the non-linear rate and state spring-block model for finitely large enough time scales remain unexplained.
In this study, we use spring-block model with fairly homogeneous RSF laws to analytically prove the existence and stability of periodic solutions when the model reclines at the threshold of instability.
The rest of the paper is arranged as follows: The 4-dimension parameter that influence spring-block model with rate and state dependent friction laws was established in section 2. Spectral method was employed to establish the existence, stability and bifurcation of the model solutions in section 3. We then give the conclusion in section 4.
Model Formulation
We adapt the dimensionless spring-block model derived in [6] for the Burridge and Knopoff model [17] where the friction force is replaced by rate-and state-dependent friction laws and x i (t), θ i (t) ∈ R as
Since the state variable, θ i , is time-dependent, we must have a time evolution law for θ i together with the friction force. Many empirical laws have been proposed in order to describe the time-dependent properties of friction force. Here, we assume the dimensionless form of the Dieterich's law (also known as slowness law) [9] byθ
Equation (2) describes the time-dependent increase of the state variable even at V = 0. Since the loading rate associated with the plate motion is typically a few centimeters per year, the dimensionless loading rate V is estimated as 10 −8 for a characteristic slip distance greater than zero. Finally, we adapt and modify the dimensionless form of RSF force as given by [18] as
where a and b are positive dimensionless constants describing the RSF law and cis a reference friction coefficient at a reference sliding velocity. The dimensionless parameter c is estimated to fall between 10 3 and 10 4 while the parameters a and b are one or two orders of magnitude smaller than c.
Introducing x i =x + X i , and θ i =θ + ψ i for i ∈ Z, whereθ = V −1 and
. (4) Expanding the friction using Taylor expansion reduces equation (4) to
where 
Thus, the system (5) depends on a four-dimension parameter P = (a 1 , b 1 , α 1 , α 2 ).
Spectral Analysis
We now perform spectral analysis on (5) to investigate the model solution's existence and stability.
Notation and Preliminaries
If we linearize and rewrite equation (5) as a system of first order differential equations in Hilbert space ξ
where
while the non-linear part of (7), that is N, is given by
where N 1 and N 2 are given by
and
Thus, forx ∈ ξ, we have both N 1 (x), N 2 (x) ∈ 2 (Z). It is now necessary to define the resolvent and spectrum sets of a linear operator L on an infinitedimensional Hilbert space. Proof. suppose that L ∈ ξ. Then the resolvent
Existence of Periodic Solutions
We first show with the following proposition that the spectrum σ(L) is continuous and represents the roots of polynomial (12) which is dependent on Hypothesis (6). 
Proof. Since L is a linear operator in an infinite-dimensional Banach space, the spectrum of L are values of λ ∈ C such that L − λI is non-injective or non surjective on ξ. So, if we let
To solve the third equation, we first make a Fourier Transform by denoting F : 
We then define an inverse bijection F −1 : Z → ξ from F : ξ → Z and state the following Lemma where
Proof. Letg 
−2e
The polynomial P (λ, r) depends on r only through sin 2 (0.5r), therefore, r is restricted to [0, π] . Also, if (14) has a solution in Z = [L 2 (T )] 3 , then the solution must be unique. So, we deduce that there is no eigenvalues in the spectrum and that the spectrum is the set of λ ∈ C for which the operator L − λI is non surjective.
Therefore, we have the spectrum σ(L) = ∪ r∈ [0,π] σ(r) and the resolvent set (14) is given byx
We claim that if P (λ, r) is continuous and not equal to zero on the compact
Finally, for λ ∈ σ(L), there exists a unique r 0 ∈ [0, π] such that P (λ, r 0 ) = 0. Hence,x 1 has a singularity at r = r 0 . From (15) we rewrite the polynomial P (λ, r) as
However, if r 0 = 0, then in the neighborhood of r 0 we have h 1 (λ) sin(0.5r 0 ) cos(0.5r 0 )(r − r 0 ) ∼ P (λ, r 0 ).
. If r 0 = 0, then we have P (λ, 0) = h 2 (λ) = 0 and
is the roots of the polynomial P for which r ∈ [0, π].
Stability and Bifurcation Analyses
We now prove the existence of a bifurcation in our model system at some critical value of the hypothesis parameters (6) by Considering a possible bifurcation at some critical value of the parameter H = (a 1 , b 1 , α 1 , α 2 Proof. For fixed r ∈ [0, π], P (x, r) is a polynomial of degree three and therefore should have at least a real roots λ R (r). In addition, from Hypothesis (6)
We now show that the sign of the real parts of the roots of P (x, r) is non positive (that is Hurwitz polynomial) by considering the Routh-Hurwitz criterion. The Routh-Hurwitz criterion provides both necessary and sufficient condition to the Hurwitz polynomial. The criterion could be stated for our third degree polynomial
First, we observe that P (x, r) satisfies both conditions for all r. 
Condition RHC-2:
We observe that if a 1 α 2 − α 1 b 1 > 0, equation (16) and (17) Therefore, for all r ∈ [0, r 1 ], the polynomial P (x, r) has positive real parts and thus, the modes are unstable. So, R c represents the threshold of instability for our system.
Let assume now that we cross this critical threshold R c at a point Δ c = [a there exist periodic traveling wave solutions close to the origin and a bifurcation at some critical value of the dependent parameters. The system's origin was uniformly stable while across the threshold of instability there existed a wide range of unstable modes.
